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1. Introduction
During the last few years, non-commutative (N.C.) Seiberg-Witten (S.W.) space-
time geometry has played an important role in understanding various phenomena
for example in particle physics and cosmology [1–3]. Furthermore, quantum entan-
glement (Q.E.) has been extensively studied in non-relativistic flat-space setups and
expanding universes [4–15]. Increasing interest to the emerging field of relativistic
quantum information and entanglement has attracted many people [16–22]. Re-
cently, in Refs. 17 and 18, Q.E. of fermionic and bosonic particles in a certain type
∗Corresponding author.
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2of Freedman-Robertson-Walker (F.R.W.) universe has been shown to have special
k-modes frequencies and mass dependence. In fact, as it was pointed out in Ref. 17,
the response of Q.E. to the dynamics of the expansion of the universe is affected by
the particular choice of quantum field theory employed and the geometric structure
of space-time. Information about the rate and volume of the expansion is codified in
the frequency and amount of the entangled modes. In our case, as we will see later,
some of the thermodynamical quantities are better evaluated employing estimation
techniques that use Q.E. generated between fermions and antifermions in cosmology
scenarios which is very sensitive to anisotropies of the universe expansion and de-
formation of the space-time. What we have to know is how much information about
anisotropies, deformation and thermodynamics is encoded into this entanglement
created by the dynamics of the Bianchi I space-time. It is worth mentioning that
there is no physical principle or mathematical formalism which can constrain the
order of magnitude of the non-commutativity parameter nor the scale for which the
non-commutative model in consideration is relevant. The related energy scale could
be as low as a few TeV [23–34], the same order of magnitude of energies employed in
collider experiments (LHC, ILC, etc.), or Planck scale, as it is the case of string or
quantum gravity [35–40]. The N.C. gravity, which we present in this paper, can be
considered as an effective theory. Thus, the non-commutativity of space-time can
be reinterpreted as an extra interaction term on a commutative space-time, and
therefore in this way the theory is equivalent to a higher derivative or curvature
extension of ordinary gauge gravity [2]. Moreover, even if the non-commutativity
of space-time is relevant at the Planck scale, the physical phenomena which are
induced, like pair creation and entanglement, can appear at larger scales. The main
goal of this paper is not the derivation of the Dirac equation from the first principles
and Lagrangian formalism in itself but to study the von Neumann Q.E. of fermionic-
antifermionic modes created by the dynamics of the N.C. Bianchi I universe and
understand the new features generated by both, the space-time expansion and the
non-commutativity θ parameter. In section 2, we present the N.C. mathematical for-
malism. In section 3, we derive the expression of the bipartite fermion-antifermion
Q.E. codification of the information as a function of non-commutativity θ param-
eter and k⊥-modes frequencies as well as the pair creation density. We will see
also the role of Q.E. in determining some of the thermodynamical properties of this
space-time. Finally in section 4, we show the main results and draw our conclusions.
2. Mathematical Formalism
The N.C. space-time is characterised by the coordinates operators xˆµ (µ = 0, 3)
satisfying the following commutation relation:
[xˆµ, xˆν ] = i θµν (1)
where θµν are antisymmetric matrix elements that control the non-commutativity
of the space-time. The Dirac equation for a massless S.W. spinor particle ψˆ in a
3curved N.C. space-time is shown to take the following form (see Appendix A) [41]:[
γf
(
i ∂f + Aˆf
)
+ γfγ5Bˆf
]
∗ ψˆ = 0 (2)
where
Aˆf = =
(
eˆµf
4∑
a=1
ωˆaaµ
)
+ < [eˆµd (ωˆfdµ − ωˆdfµ )] (3)
Bˆf = =
[ (
eˆµd ωˆabµ
)
+
1
4
θρσ θαβ
(
∂ρ∂αeˆ
µd
) (
∂σ∂βωˆ
ab
µ
)]
εfdab (4)
(= and < stand for imaginary and real parts respectively). Here eˆµa and ωˆfdµ are
the N.C. S.W. vierbeins and spin connections respectively (see Ref. 42). Their gen-
eral expressions are given in terms of the corresponding commutative quantities in
Appendix B. In what follows, the N.C. Dirac matrices γµ and derivative ∂µ in a
curved space-time are related to the ones of the Minkowski flat-space through the
relations:
γµ = eˆµf γ
f (5)
and
∂µ = eˆ
f
µ ∂f (6)
(Greek and Latin indices are for curved and flat spaces respectively), where the
following vierbeins orthogonality relation holds
1
2
(
eˆaµ ∗ eˆ+µb + eˆµb ∗ eˆ+aµ
)
= δab (7)
In what follows, we consider a Bianchi I universe where the metric has the form:
ds2 = −dt2 + t2 (dx2 + dy2)+ dz2 (8)
with dimensionless space-time coordinates, (here the time t is related to the cosmo-
logical parameters of the model). We take the signature convention of the space-time
to be (−,+,+,+) and for simplicity, make the choice:
θµν =

0 0 θ 0
0 0 0 0
−θ 0 0 0
0 0 0 0
 (9)
Moreover, since we are dealing with massless spinors, it is better to use the chiral
representation of the Dirac γµ matrices that is:
γ0 =
[
02×2 12×2
12×2 02×2
]
, γi =
[
02×2 σi2×2
−σi2×2 02×2
]
, γ5 =
[
12×2 02×2
02×2 −12×2
]
(10)
4where (i = 1, 3). Using Maple 16 tensor package, the non-vanishing components of
the vierbeins and spin connections have up to O(θ2) the following expressions:
eˆ0˜0 = eˆ
3˜
3 = 1
eˆ1˜1 = eˆ
2˜
2 =
1
t
(
1− 25 θ
2
128
)
ωˆ13
2˜
= −ωˆ12
3˜
=
1
2
ωˆ31
2˜
= −1
2
ωˆ21
3˜
= −i θ
4
(11)
ωˆ12
2˜
= ωˆ13
3˜
= 1 +
5 θ2
128
ωˆ21
2˜
= ωˆ31
3˜
= −1 + 7 θ
2
64
(the tilde is for a curved space index). Since the metric presents a space-like sin-
gularity at t = 0, it is difficult to define the particle state within the adiabatic
approach [5, 46]. To do so, we first follow a quasi classical approach of Ref. 47 to
identify the positive and negative modes frequencies and look for the asymptotic
behaviour of the solutions at t→ 0 and t→∞. Secondly, we solve the Dirac equa-
tion and compare the solutions with the above quasi classical limit. Now, in order
to find the solutions to the Dirac Eq.(2) in the N.C. Bianchi I space-time, we set:
ψˆ =

χ1
χ2
χ3
χ4
 (12)
where
χ1 = f1(t) e
i~k·~x
χ2 = f2(t) e
i~k·~x (13)
χ3 = f3(t) e
−i~k·~x
χ4 = f4(t) e
−i~k·~x
the fj(t)
′s (j = 1, 4) verify the second order differential equation:
∂2fj(t)
∂t2
+
Aj
t
∂fj(t)
∂t
+
(Cj
t2
+
Dj
t
− k2z
)
fj(t) = 0 (14)
with
Aj = 1− 2 iΩj2
Cj = Ω
j
1
2
k2⊥ + Ω
j
3
2 − Ωj2
2
(15)
Dj = −i kjz − 2 kjz Ωj3
5here
k2⊥ = k
2
x + k
2
y
kjz = (−1)j+1kz
Ωj1 = Ω1 (16)
Ωj2 = Ω2
Ωj3 = Ω3(δ
j1 − δj2 − δj3 + δj4)
and
Ω1 = −1 + 25 θ
2
128
Ω2 = −2
(
2− 59 θ
2
128
)
(17)
Ω3 =
θ
2
Now, setting:
fj(t) = t
αj eβjt hj(t) (18)
where
αj =
1−Aj ±
√
(Aj − 1)2 − 4Cj
2
(19a)
βj = −1
2
(19b)
Eq.(14) can be rewritten as a Kummer’s differential equation of the form [48]:
t
d2 hj(t)
dt2
+ (bj − t)d hj(t)
dt
− aj hj(t) = 0 (20)
with
aj = −Aj
2
− αj −Dj (21a)
bj = −2αj −Aj (21b)
and the constraint:
|kz| = 1
2
(22)
The differential Eq.(20) has two solutions denoted by M(aj , bj , z) and U(aj , bj , z)
such that:
M(aj , bj , z) =
∞∑
n=0
(aj)n
(bj)n n!
zn (23a)
U(aj , bj , z) =
pi
sin(pib)
( M(aj , bj , z)
Γ(1 + aj − bj) Γ(bj) − z
1−bjM(1 + aj − bj , 2− bj , z)
Γ(aj) Γ(2− bj)
)
(23b)
6where (a)n is defined by:
(a)n = a(a+ 1)(a+ 2)....(a+ n− 1) (24)
Note that (a)0 = 1. Thus, the solution of Eq.(20) is the following linear combination:
fj(t) = C
j
1 t
αj e
t
2 M(aj , bj , t) + C
j
2 t
αj e
t
2 U(aj , bj , t) (25)
(Cj1 and C
j
2 are constants). Now, to better understand of the asymptotic behaviour
at t → 0 (′′in′′ fields) and t → ∞ (′′out′′ fields) of the solutions Eq.(25), it is
preferable to express the M(aj , bj , t) and U(aj , bj , t) Kummer functions in terms of
Whittaker ones, such that:
M
(1
2
+ µ− λ, 1 + 2µ, z
)
= e
z
2 z−(
1
2 +µ)Mλ,µ(z) (26a)
U
(1
2
+ µ− λ, 1 + 2µ, z
)
= e
z
2 z−(
1
2 +µ)Wλ,µ(z) (26b)
Note that Mλ,µ(z) can be expressed in terms of Wλ,µ(z) as:
Mλ,µ(z) =
Γ(2µ+ 1)
Γ( 12 + µ− λ)
e−ipiλW−λ,µ(−z) + Γ(2µ+ 1)
Γ( 12 + µ+ λ)
e−ipi(λ−µ−
1
2 )Wλ,µ(z)
(27)
where
(Wλ,µ(z))
? = W−λ,µ(−z) (28)
and
(Mλ,µ(z))
? = (−1)µ+ 12 Mλ,−µ(z) (29)
Now, to identify the positive and negative modes frequencies in the ′′in′′ and ′′out′′
fields, we concentrate only on the f1 ≡ f function (results can be easily extended
to fj , (j = 2, 4)). It is easy to show that at t→ 0, one has:
f+in ∼Mλ,µ(t) ∼ e−
t
2 tµ+
1
2 (30a)
f−in ∼ (Mλ,µ(t))? ∼ (−1)µ+
1
2 Mλ,−µ(t) (30b)
and respectively for t→∞:
f+out ∼Wλ,µ(t) ∼ e−
t
2 tλ (31a)
f−out ∼ (Wλ,µ(t))? ∼W−λ,µ(−t) (31b)
where for the both cases we have:
µ =
1
2
(b1 − 1) (32a)
λ =
1
2
(b1 − a1) (32b)
A direct consequence of the linear transformation properties of such functions is
that the Bogoliubov transformations associated with the transformation between
′′in′′ and ′′out′′ solutions take the simple form:
f±in(k⊥, θ, t) = α
±
k⊥,θ f
±
out(k⊥, θ, t) + β
±
k⊥,θ (f
∓
out(k⊥, θ, t))
? (33)
7where α±k⊥,θ and β
±
k⊥,θ are the Bogoliubov coefficients. Of course, the curved space
spinor solutions of the Dirac equation are defined by:
Uin,out(~k, ~x, t) = f−in,out(k⊥, θ, t) e
ı~k~xU (0, s) (34a)
Vin,out(~k, ~x, t) = (f+in,out(k⊥, θ, t))
? e−ı~k~xV (0, s) (34b)
where U (0, s) and V (0, s) are the ordinary flat space-time spinors, (”s” runs over
the spin states). Using the Bogoliubov transformations between the asymptotic
terms ′′in′′ and ′′out′′ operators, the field in ′′in′′ and ′′out′′ regions can then be
expanded as :
ψin,out =
∫
d3~k
(2pi)
3
2
∑
s
[ain,out(~k, s)Uin,out(~k, ~x, t) + b+in,out(~k, s)Vin,out(~k, ~x, t)]
(35)
(ain,out and b
+
in,out are the annihilation and creation operators of the fermions and
antifermions respectively). Due to the form of the Bogoliubov transformation, we
can show easily that the ′′in′′ tensor product of the particle and antiparticle vacuum
states can be expressed in terms of ′′out′′ as:
|0〉in ⊗ |0〉in =
∏
k⊥
(A0|0〉out ⊗ |0〉out +A1|1k⊥〉out ⊗ |1−k⊥〉out) (36)
where |1−k⊥〉 (respectively |1k⊥〉) represents an antiparticle (respectively particle)
mode with momentum (−k⊥) (respectively (k⊥)). Now, to find the relation between
the coefficients A0 and A1 we impose the relation:
bin(k⊥)|0〉in ⊗ |0〉in = 0 (37)
yielding to:
α?k⊥A1|1−k⊥〉+ β?k⊥A0|1−k⊥〉 = 0 (38)
(αk⊥ and βk⊥ stand for α
±
k⊥,θ and β
±
k⊥,θ respectively), and thus, one gets:
A1 = −∆?k⊥A0 (39)
where
∆k⊥ =
βk⊥
αk⊥
(40)
The normalised vacuum state takes the form:
|0〉in ⊗ |0〉in =
∏( |0〉out ⊗ |0〉out −∆?k⊥ |1k⊥〉out ⊗ |1−k⊥〉out√
1 + |∆k⊥ |2
)
(41)
and it is a pure entangled state of fermion-antifermion modes frequencies with a
reduced density matrix:
ρk⊥ =
1
1 + |∆k⊥ |2
(
|0〉out out〈0|+ |∆k⊥ |2 |1k⊥〉out out〈1k⊥ |
)
(42)
8In this case, the entanglement can be quantified for each mode by the von Neumann
quantum entropy S(ρk⊥) such that:
S(ρk⊥) = log2
 1 + |∆k⊥ |2
|∆k⊥ |
2|∆k⊥|
2
1+|∆k⊥|
2
 (43)
Eq.(43) is equivalent to Eq.(21) in Ref. 18. Note that the quantum entropy can be
also expressed in terms of the pair creation density nˆk⊥ as:
S(nˆk⊥) = log2
(
(nˆk⊥)
1−2nˆk⊥
(1− nˆk⊥)1−nˆk⊥
)
(44)
For the N.C. Bianchi I space-time, it is straightforward to show that:
|∆k⊥ |2 =
∣∣∣∣∣Γ( 12 + µ+ λ)Γ( 12 + µ− λ)
∣∣∣∣∣
2
|e−ipi(λ−µ− 12 )|2 (45)
It is worth mentioning that the expression of |∆k⊥ |2 depends strongly on the values
of µ and λ (real, complex and pure imaginary) as it is shown in Appendix D. In the
case of interest, we distinguish three situations:
1. θ = 0
|∆k⊥ |2 =
x sinh(pix)
(1 + y)2 y sinh(piy)
e−8pik⊥ (46)
where
x = k⊥ − 1
2
(47a)
y = 3 k⊥ +
1
2
(47b)
2. θ > 0
|∆k⊥ |2 =
 [x2 Γ(−x2) sin(pix2)]
2
∞∏
n=0
(
1 +
y22
(n+x2)2
)
[x1 Γ(−x1) sin(pix1)]2
∞∏
n=0
(
1 +
y21
(n+x1)2
)
 exp(−8pi(y2 + 12)
)
(48)
3. θ < 0
|∆k⊥ |2 =
 pi
2
∞∏
n=0
(
1 +
y22
(n+x2)2
)
[x1 Γ(−x1) sin(pix1) Γ(x2)]2
∞∏
n=0
(
1 +
y21
(n+x1)2
)
 exp(−8pi(y2 + 12)
)
(49)
9where
x1 =
θ
2
− 1 (50a)
x2 =− θ
2
(50b)
y1 =3
√(
1− 25 θ
2
64
)
k2⊥ +
θ2
4
+
1
2
(50c)
y2 =
√(
1− 25 θ
2
64
)
k2⊥ +
θ2
4
− 1
2
(50d)
Notice the presence of linear terms in the non-commutativity θ parameter in the
expressions of x1 and x2. This is due essentially to the fact that the S.W. vierbein
and spin connection used from Ref. 42 are in general complex (e.g. terms pure
imaginary of the spin connection are proportional to θ) see Eqs.(11) in our paper
together with a Dirac wave function ψˆ which is also complex. Thus, we expect in
addition to second order terms in θ, the first order ones as well coming from the
imaginary parts of ωˆabµ and ψˆ.
3. Numerical Results and Discussions
By analysing our numerical results concerning the quantum entanglement entropy
SQ.E in N.C. Bianchi I universe as a function of the k⊥-modes frequencies and non-
commutativity θ parameter, we have distinguished two main regions denoted by I
and II corresponding to k⊥ ≤ 12 and k⊥ > 12 respectively. In region I, SQ.E has
a maximal value at k⊥ = 0. Notice that if θ is relatively small, SQ.E decreases as
k⊥ increases until reaching a minimum value at approximately k⊥ ≈ 12 . Then, it
increases until reaching a peak (with a very small value) near k⊥ ≈ 0.55. Finally
it decreases again and vanishes at infinity. However, for relatively big values of θ,
SQ.E becomes a monotonically decreasing function of k⊥ (see FIG.1 and FIG.2).
Now, for a fixed value of k⊥, we notice that in the region I, SQ.E is a decreasing
function of θ. However, in the region II, it is an increasing function (see FIG.1 and
FIG.2). To be more explicit, we have displayed, in the contour plots of FIG.3 and
in the 3D curve of FIG.4, the behaviour of SQ.E as a function of k⊥-modes fre-
quencies and non-commutativity θ parameter. The theoretical explanation of such
features is that in the region I, one can show that ∆k⊥ is approximately propor-
tional to e−4piθ. Therefore, it is clear that if θ increases, ∆k⊥ decreases and since
∂S
∂∆k⊥
= − 1(1+∆k⊥ )2 log2 ∆k⊥ is positive for ∆k⊥ < 1 (case of our interest), then
SQ.E decreases (see FIG.1). The new important numerical result is that the upper
bound of the fermionic SQ.E (where one has a maximally entangled state) in the
physical interval of k⊥ is no more log2N where N is the Hilbert space dimension
(in our case N = 2) corresponding to k⊥ ≈ 18pi log2( 58 ) < 0 but it depends strongly
on the non-commutative θ parameter values. It is worth mentioning that in the
region I the pair creation density has a non-thermal behaviour. In fact, because
of the anisotropy of the Bianchi I space-time (which is more complicated than the
10
⊥
Fig. 1. SQ.E as a function of the k⊥-modes
frequencies for various values of θ parameter in
region I
⊥
Fig. 2. SQ.E as a function of the k⊥-modes
frequencies for various values of θ parameter in
region II
⊥
Fig. 3. Contour plots of SQ.E as a function
of the k⊥-modes frequencies and θ parameter
⊥
Fig. 4. SQ.E as a function of the k⊥-modes
frequencies and θ parameter
isotropic F.R.W. of Ref. 17) and non-commutativity, if a created gas of fermions
is observed at a time scale much larger (less energy) than the expansion time then
the particle number density deviates from the quasi equilibrium distribution with-
out a well defined temperature nor a chemical potential. Furthermore, if we have an
anisotropic space-time, the created particle-antiparticle pair (with the same energy)
can not reach an equilibrium state in all space directions, except if their energies
exceed a certain critical value (k⊥ ≈ 12 ) beyond which the anisotropic effects be-
11
come negligible. Thus, for k⊥ ≤ 12 , the particle-antiparticle pair creation velocity
(energy) is less than the expansion velocity in the x and y directions and the den-
sity of the pair creation is in a non-thermal out-of-equilibrium state. Concerning
the privileged value of k⊥ (k⊥ = 0) for which SQ.E is maximum, it is related to
the characteristic wavelength correlated to the underlying space-time structure and
non-commutativity (deformation). In fact, contrary to the argument (which seems
general) given in Ref. 17 using the Pauli exclusion principle which states that it
is logical that it is much cheaper to excite smaller k-modes frequencies in an ex-
panding space-time. Our numerical analysis shows that the behaviour of SQ.E as
a function of the k⊥-modes frequencies depends not only on the particles species
(fermions or bosons) but on the space-time structure and deformation as well. It
is very important to stress on the fact that in the region I, the non-commutativity
plays the role of gravity slowing down the expansion and leading to a decrease in
the information (quantum entanglement between the fermion-antifermion pair) en-
coded in SQ.E . In the region II, (k⊥ > 12 ) and contrary to the region I (k⊥ ≤ 12 ),
SQ.E is an increasing function of θ for a fixed value of k⊥. Theoretically, the non
trivial behaviour of SQ.E can be explained as follows: in fact, for relatively small
values of θ and k⊥ ≈ 0.5 (resp. k⊥ ≈ 0.55) we have obtained numerically a min-
imum (resp. maximum) value of SQ.E . However for relatively large values of θ,
we have checked numerically that SQ.E is a monotonically decreasing function of
the k⊥-modes frequencies (see FIG.2). Regarding the thermal behaviour of the pair
creation number density nˆ and SQ.E , it is important to notice that if ∆k⊥  1 or
equivalently k⊥  1, one can show that nˆ behaves as e−8pik⊥ for θ = 0 (thermal
behaviour) leading to SQ.E ≈ −∆k⊥ log2 ∆k⊥ . For θ 6= 0, one has nˆ ∝ θ2e−8pik⊥ .
It is clear that for fixed values of the k⊥-modes frequencies, ∆k⊥ and SQ.E are
increasing functions of θ (∆k⊥ < 1). This, explains clearly the behaviour shown
in FIG.2. We remark also that in this region, the non-commutativity does not play
the role of gravity but rather as a repulsive force (e.g. quintessence, dark energy,
etc...). In fact, to show the role of the space-time non-commutativity θ parameter
and its effect on the quantum entanglement, we have noticed that in the region I,
∆k⊥ is more sensitive to the factor J = e
−pi
√
64 k2⊥−25 k2⊥ θ2+16 θ2 (see Eq.(48) and
Eq. (49)). In this case, one has −25 k2⊥ θ2 + 16 θ2 > 0 and therefore, J , ∆k⊥ and
SQ.E become decreasing functions of θ. However, in the region II for large values
of k⊥, ∆k⊥ is more affected by the factor I = θ
2e−pi
√
64 k2⊥−25 k2⊥ θ2+16 θ2 . In this
case, it is clear that, I, ∆k⊥ and SQ.E are increasing functions of θ (see FIG.2). We
conclude that the non-commutativity induces two compelling terms with opposite
signs: one is given by the term +16 θ2 (with a positive sign) playing the role of
gravity or contributing to the matter density through the stress energy-momentum
tensor and the other is given by the term −25 k2⊥ θ2 (with a negative sign). Thus, if
the first term is bigger (case of k⊥ ≤ 12 ), the N.C. correction term −25 k2⊥ θ2 + 16 θ2
will slow down the expansion (like the gravity) and the information does not go
faster as θ increases (decrease in SQ.E). However, for the relatively large values of
k⊥, the term −25 k2⊥ θ2 + 16 θ2 changes the sign (with respect to the first case) and
12
⊥
Fig. 5. nˆ as a function of the k⊥-modes fre-
quencies for various values of θ parameter in re-
gion I
⊥
Fig. 6. nˆ as a function of the k⊥-modes fre-
quencies for various values of θ parameter in re-
gion II
⊥
Fig. 7. Contour plots of nˆ as a function of the k⊥-modes frequencies and θ parameter
we will have exactly the opposite effect as θ increases. That is θ will increase the
expansion rate and the information (quantum entanglement) goes faster (increase
in SQ.E). It is very important mentioning that since SQ.E is an increasing function
13
⊥
Fig. 8. µ as a function of the k⊥-modes fre-
quencies for various values of θ parameter Fig. 9. µ as a function of the SmaxQ.E
Fig. 10. nˆ as a function of SmaxQ.E
Fig. 11. SmaxQ.E as a function of θ pa-
rameter
of the pair creation number density nˆ (see Eq.(44)) such that:
∂SQ.E
∂nˆ
= −2 log2 nˆ− log2(1− nˆ) +
1− nˆ
nˆ
(51)
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it is always a positive quantity (since nˆ ≤ 1). Similar behaviours are obtained for nˆ.
The results are summarised in FIG.4, FIG.5, FIG.6 and FIG.7. Now, FIG.8 displays
the k⊥-dependence of the chemical potential µ for various values of θ (in the region II
where there is a quasi equilibrium and thermalisation). Notice that µ is negative and
|µ| is a decreasing function of θ. The reason is in the thermodynamical equilibrium
where µ ∝ −∆SQ.E∆nˆ and since in the region II ∆SQ.E is an increasing function of
∆nˆ, thus the ratio
∆SQ.E
∆nˆ is positive and therefore µ is negative. Moreover, since the
increase or decrease of the chemical potential µ is related to that of nˆ, we can easily
explain the θ-dependence of µ for a fixed value of k⊥. FIG.9 shows the chemical
potential µ as a function of the second peak values of SQ.E (denoted by S
max
Q.E ) for
various values of θ. FIG.10 is the same as FIG.9 but for the number particle density
nˆ and the first peak values of SQ.E (where k⊥ ≈ 0). Notice that, if we know the
position of the first and second peak, one can get easily information about certain
thermodynamical quantities (like the chemical potential µ) of the N.C. Bianchi I
universe. FIG.11 displays the θ-dependence of the first peak of SQ.E . Finally, using
the constraint 64 k2⊥ − 25 k2⊥ θ2 + 16 θ2 ≥ 0 one can get an upper bound |θ| ≤ 85
which justifies the small numerical values of the non-commutativity θ parameter
considered in our paper.
4. Conclusion
Throughout this paper, we have studied the creation of entanglement between mass-
less Dirac fermion-antifermion particle pairs in the framework of N.C. Bianchi I
universe characterised by non-commutative components of the vierbeins and spin
connections of Eq. (11). In section 2, we have derived the expressions of these N.C.
vierbeins, spin connections and presented the N.C. Dirac equation and its solutions.
Due to the complexity of the N.C. anisotropic Bianchi I space-time structure, the
behaviours of SQ.E as a function of the k⊥-modes frequencies were not trivial and
different from those obtained in Ref. 17 for the case of an isotropic F.R.W. universe
(special solvable case). In fact, at k = 0, the authors of Ref. 17 claim that the
vanishing of SQ.E (without any rigorous justification) is due to the Pauli exclusion
principle and it seems (according to the authors) that it is a general characteristic
fermionic feature independent of the space-time structure. According to our nu-
merical results, we notice that the structure and deformation of the space-time as
well as the type of the involved particles (fermions or bosons) affect the behaviour
of SQ.E and the position of its optimal values as a function of the k⊥-modes fre-
quencies. In Ref. 17, the authors have noticed that for massless fermions SQ.E = 0
(no entanglement) and their results depend on k =
√
k2x + k
2
y + k
2
z (because of the
space-time isotropy). Our results show that even with massless particles one can
have a non-vanishing entanglement and depend only on k⊥ =
√
k2x + k
2
y (because of
Bianchi I space-time anisotropy and the choice of θ). Thus, the argument of Ref. 17
does not hold in general. Lastly, the behaviour of some thermodynamical quantities
(like the chemical potential µ) as a function of the optimal k⊥-modes frequencies
15
and deformation of θ parameter was also discussed. We conclude that a knowledge
of the thermodynamical properties of Bianchi I space-time (like chemical poten-
tial µ) may give useful information on the entanglement and vice-versa. Thus, to
summarise our conclusions, we have shown that:
i. the behaviour of SQ.E depends not only on the kind of the involved particles
(bosons or fermions) during the pair creation process but also on the structure
and deformation of the space-time;
ii. because of the space-time deformation the SQ.E does not vanish for massless
fermionic particles (contrary to Ref. 17);
iii. because of the Bianchi I anisotropy and the choice of the N.C. θ parameter, our
results depend on the k⊥ (transverse) and not on the whole values of k;
iv. upper new bound of SQ.E depends strongly on the N.C. θ parameter and not
equals to log2N as it is in Ref. 17;
v. for the consistency for our theoretical calculation, we have obtained an upper
bound of the N.C. θ parameter. Of course, the considered small values of θ in
our paper verify this constraint;
vi. the non-commutativity of space-time induces two compelling terms of opposite
signs: one plays the role of gravity and contributes to the matter density and
the other represents a sort of repulsive force (quintessence, dark energy, etc.).
Thus, the information obtained from the quantum entanglement depends on
N.C. θ parameter;
vii. if we know the position of the optimal values of the SQ.E we can get information
about certain thermodynamical quantities (like the chemical potential µ) of the
N.C. Bianchi I universe and vice-versa.
(more studies will be presented in a future publication).
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Appendix A. The N.C. Dirac Equation
The Dirac equation for a massless fermions in 4-dimensional N.C.S.W. space-time
has the following expression:
γf
[
eˆµf ∂µ −
i
8
(
eˆµf ∗ ωˆabµ + ωˆabµ ∗ eˆµf
)
Σab
]
∗ ψˆ = 0 (A.1)
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where ψˆ is the N.C. Dirac 4-components spinor and:
Σab = Σ[ab] + Σ(ab) (A.2)
with
Σ[ab] =
i
2
[γa, γb] (A.3)
Σ(ab) =
1
2
{γa, γb} = ηab I4×4 (A.4)
using the fact that:
1
2
[
γdΣ[ab] + Σ[ab]γd
]
= εfdab γ
fγ5 (A.5)
i
2
[
γdΣ[ab] − Σ[ab]γd
]
= gdb γa − gda γb (A.6)
where εfdab is the 4-rank totally antisymmetric tensor, one can easily show that the
N.C. Dirac equation takes the form:[
γf
(
i ∂f + Aˆf
)
+ γfγ5Bˆf
]
∗ ψˆ = 0 (A.7)
where
Aˆf = =
(
eˆµf
4∑
a=1
ωˆaaµ
)
+ < [eˆµd (ωˆfdµ − ωˆdfµ )] (A.8)
Bˆf = =
[ (
eˆµdωˆabµ
)
+
1
4
θρσθαβ
(
∂ρ∂αeˆ
µd
) (
∂σ∂βωˆ
ab
µ
)]
εfdab (A.9)
up to O(θ2), (The notation [ . ] stands for the antisymmetric part).
The expressions of the S.W. maps ωˆµ, eˆ
µ and the gauge parameter Λˆ (used in our
paper are those of Ref. 42 based on the work of Refs. 43, 44) are necessary for the
invariance of the action of the pure N.C. gauge gravity (which is a part of our
total action of Eq. (C.1)) under ∗-gauge transformations of Eqs. (C.15)-(C.17). The
symmetrisation used in the matter field term of the action (C.1) is due to the ∗-
product ordering ambiguity. As a result and in order to maintain the N.C. gauge
invariance of the total action, we have introduced an N.C. torsion terms (see 2nd
and 3rd terms in the action of Eq.(C.1)). Notice that, we can avoid the introduction
of the torsion terms and preserving the invariance of the total action by modifying
the N.C. gauge transformations of the matter field. Of course the gauge group is
no more SO(1, 3)∗ and therefore the matter fields are not those of S.W. types but
in the limit θ → 0 we recover all ordinary gauge transformations of the Lorentz
gauge group SO(1, 3), (more effects of Moyal ∗-product symmetrisation and anti-
symmetrisation on the infinitesimal gauge transformations and S.W. maps can be
found in Ref. 45). It is worth mentioning that even if we did not use a symmetrised
∗-product eˆµf ∗ ωˆabµ + ωˆabµ ∗ eˆµf in Eq.(A.1), we can not obtain a compact form like for
example γf (eˆµf ∂µ − i4 eˆµf ∗ ωˆabµ Σab) ∗ ψˆ = 0 with eˆµf , ωˆabµ and ψˆ are S.W. fields from
first principles and appropriate Lagrangian density without adding an extra terms
like torsion, cotorsion etc.
17
Appendix B. N.C. Mathematical Formalism
The N.C.Vierbeins eˆaµ up to O(θ
2) are (see Ref. 42):
eˆaµ = e
a
µ − i θνρ eaµνρ + θνρ θλτ eaµνρλτ +O
(
θ3
)
(B.1)
where
eaµνρ =
1
4
[
ωacν ∂ρ e
d
µ +
(
∂ρ ω
ac
µ +R
ac
ρµ
)
edν
]
ηcd (B.2)
eaµνρλτ =
1
32
[2{Rτν , Rµρ}ab ecλ − ωabλ (DρRcdτµ + ∂ρRcdτµ) emν ηdm
−{ων , (DρRτµ + ∂ρRτµ)}ab ecλ − ∂τ{ων , (∂ρ ωµ +Rρµ)}ab ecλ
−ωabλ ∂τ (ωcdν ∂ρ emµ + (∂ρ ωcdµ +Rcdρµ) emν ) ηdm + 2∂ν ωabλ ∂ρ ∂τ ecµ
−2∂ρ(∂τ ωabµ +Rabτµ) ∂ν ecλ − {ων , (∂ρωλ +Rρλ)}ab ∂τ ecµ
−(∂τ ωabµ +Rabτµ)(ωcdν ∂ρ emλ + (∂ρ ωcdλ +Rcdρλ) emν ηdm)] ηbc (B.3)
here Rabµν is the strength field associated with the commutative spin connections ω
ab
µ
and is defined as:
Rabµν = ∂µ ω
ab
ν − ∂ν ωabµ +
(
ωacµ ω
db
ν − ωacν ωdbµ
)
ηcd (B.4)
(ηab is the Minkowski metric). The N.C. spin connections ωˆ
AB
µ up to O(θ
2) are:
ωˆABµ = ω
AB
µ − i θνρ ωABµνρ + θνρ θλτ ωABµνρλτ + .... (B.5)
where
ωABµνρ =
1
4
{ων , ∂ρ ων +Rρµ}AB (B.6)
ωABµνρλτ =
1
32
(−{ωλ, ∂τ{ων , ∂ρ ωµ +Rρµ}}+ 2{ωλ, {Rτν , Rµρ}}
−{ωλ, {ων , DρRτµ + ∂ρRτµ}} − {{ων , ∂ρ ωλ +Rρλ}, (∂τ ωµ +Rτµ)}
+2[∂ν ωλ, ∂ρ(∂τ ωµ +Rτµ)])
AB (B.7)
here
{α, β}AB = αAC βBC + βAC αBC (B.8)
[α, β]AB = αAC βBC − βAC αBC (B.9)
and
DµR
AB
ρσ = ∂µR
AB
ρσ + (ω
AC
µ +R
DB
ρσ + ω
BC
µ R
DA
ρσ ) ηCD (B.10)
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Appendix C. Derivation of N.C. Dirac Equation From a Least
Action
To derive the N.C. Dirac equation given by Eq.(2) from the least action principle,
we consider the following N.C. action:
S =
∫
d4x
√
−gˆ ∗
{[
i
2
(
¯ˆ
ψ ∗ γµ ∗ D˜µ
)
∗ ψˆ + c.c
]
+
i
4
¯ˆ
ψ ∗ Kˆµνρ ∗ Xˆµνρ ∗ ψˆ
−Tˆµνρ ∗ Kˆµνρ +Lg
}
(C.1)
where Kˆµνρ and Tˆ
µνρ are the N.C. cotorsion and modified torsion tensors respec-
tively, and gˆ is the determinant of the N.C. metric.
We set:
i
4
Kˆµνρ Xˆ
µνρ = Kˆ (C.2)
such that
Kˆ =
√
−gˆ ∗
{
i
2
γa Yˆa +
i
2
eˆµb ∗ Yˆa ∗ eˆbµ γa
}
− i
2
∂µ
(√
−gˆ ∗ eˆµa
)
γa (C.3)
and
Yˆf =
i
8
{
eˆµf , ωˆ
ab
µ
}
∗
Σab (C.4)
where
{a, b}∗ = a ∗ b+ b ∗ a (C.5)
here the N.C. covariant derivative D˜µ is defined such that
eˆµa ∗ D˜µ ∗ ψˆ =
(
eˆµa ∗ ∂µ + Yˆa
)
∗ ψˆ (C.6)
one can show easily that the variational principle of the action with respect to ψˆ
gives our N.C. Dirac equation (Eq.2). For a comparative illustration, one can get
from Eq.(C.3) in the commutative case the following expression:
Kˆ → K = i
4
ωabc
{
γ[aγbγc] − γaγ[bγc]
}
+
i
2
γb
b
a γ
a (C.7)
where
γb
b
a = Cab
b − Cbab = 2Cabb (C.8)
and
Cab
b =
1
2
eµa
(
eνb ∂µ eν
b
)− 1
2
eµa e
ν
b ∂ν eµ
b (C.9)
[ . ] stands for antisymmetrisation with respect to the indices. Moreover, in this case
one can show also that:
∂ν
(√−g eµa) = √−g γbba (C.10)
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the cotorsion and the modified torsion tensors are given by:
Kαβµ = −Qαβµ −Qµαβ +Qβµα (C.11)
and
Tµν
α = Qµν
α + δµ
αQν − δαν Qν (C.12)
respectively. Here Qαβµ is the torsion tensor and:
Qα = Qαν
ν (C.13)
the N.C. modified torsion tensor Tˆµν
α has a similar form as in the commutative
case:
Tˆµν
α = Qˆµν
α + δµ
α Qˆν − δαν Qˆµ (C.14)
Concerning the invariance of the N.C. Lagrangian density with respect to the N.C.
local Lorentz transformations (see Eqs.(C.15)-(C.17)), one can choose: δˆΛˆKˆµνρ and,
or Tˆµνρ = gˆρα ∗ Tˆµνα(not all the N.C. components of Kˆµνρ are contributing to Kˆ)
such that:
δˆΛˆ ψˆ = Λˆ ∗ ψˆ (C.15)
δˆΛˆ eˆ
µ = Λˆ ∗ eˆµ − eˆµ ∗ Λˆ =
[
Λˆ, eˆµ
]
∗
(C.16)
δˆΛˆ ωˆµ = −∂µΛˆ +
[
Λˆ, ωˆ
]
∗
(C.17)
and
δˆΛˆ
[
¯ˆ
ψ Kˆ ψˆ
]
+ δˆΛˆ
(
Tˆµνρ Kˆµνρ
)
+ δˆΛˆ Lˆ0 = 0 (C.18)
where [A,B]∗ stands for A ∗B −B ∗A, and
eˆµ = γµ = eˆµa γ
a (C.19)
ωˆµ = ωˆ
ab
µ Σab (C.20)
Λˆ = Λˆab Σab (C.21)
Here δˆΛˆLˆ0 is the non vanishing part of δˆΛˆ
[
i
2
¯ˆ
ψ ∗ γν ∗ D˜µ ∗ ψˆ + c.c
]
when we use the
N.C. gauge transformations of Eqs.(C.15)-(C.17). Of course δˆΛˆLˆg = 0 (see Ref. 43)
This is a simple justification for the derivation of our N.C. Dirac equation (Eq.2)
with S.W. fields and proof of invariance of our N.C. Lagrangian density with respect
to the N.C. local Lorentz transformations of Eqs.(C.15)-(C.17).
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Appendix D. Determination of |Γ(x + iy)|2
(1) If x = 0
|Γ(i y)|2 = pi
y sinh(piy)
(D.1)
(2) If y = 0
(a) x > 0
|Γ(x)|2 = [(x− 1)!]2 (D.2)
(b) x < 0
|Γ(x)|2 = pi
2
[−xΓ(−x) sin(pix)]2 (D.3)
(3) x 6= 0, y 6= 0
|Γ(i y)|2 =
∞∏
n=0
[(
1 +
y2
(n+ x)2
)]−1
(D.4)
(4) If y
2
x2 < 1 (x 6= 0), then |Γ(x+ i y)| can be approximated by:
|Γ(x+ i y)| ≈ |Γ(x)|
[
1− y
2
2
Φ(1, 2, x)
]
(D.5)
where Φ(1, 2, x) is the Herwitz zeta function such that:
Φ(1, 2, x) =
∞∑
n=0
1
(x+ n)2
(D.6)
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